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Collision and pursuit course closure maneuvers were studied for 
correcting position and velocity errors in the terminal phase of space-
craft to satellite rendezvous. 
Minimum values of the ratio of initial range to velocity neces-
sary to achieve rendezvous were determined for collision closures as 
a function of the initial line of sight. The time and v~locity incre-
ment required for rendezvous were computed as a function of initial 
conditions. 
Pursuit closure maneuvers were analyzed and time and velocity 
increments defined as a function of initial range, closing velocity, 
line of sight angle and angular velocity. 
The velocity increments required were significantly higher 
than for a collision closure under similar initial conditions. In 
addition, the pursuit closure was shown to require very precise con-
trol of the initial angular velocity in order to achieve rendezvous. 
The collision closure maneuver was recommended because the pur-
suit closure required a greater velocity increment and precise control 
of the initial angular velocity. An example was presented to illus-
trate the analysis of a collision closure maneuver i n a rendezvous 
mission. 
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A. Rendezvous Maneuvers 
Terminal closure is a phase of rendezvous which includes maneuver-
ing an interceptor spacecraft from a point relatively near a target 
satellite until both spacecraft and satellite are in position and kinetic 
equilibrium. A complete typical rendezvous mission consists of launch-
ing the spacecraft into an orbit, performing a plane change to place the 
spacecraft orbit coplanar with the satellite, initiating a transfer tra-
jectory, and terminal closure to the satellite. The terminal closure 
phase is necessary to correct position uncertainties and errors which 
may be present in the spacecraft transfer trajectory. There will be 
uncertainties in the position of both the interceptor spacecraft and the 
target satellite. In addition, errors may be introduced into the transfer 
trajectory due to: differences in magnitude of the thrust over that 
required; timing errors in initiating the thrust; and a misalignment of 
the thrust vector. 
The terminal closure phase will be defined as beginning when the 
spacecraft maneuvering is based on guidance data obtained from sensors 
on-board the spacecraft which are observing the satellite. The range 
separation at start of terminal closure will generally be less than 
lOOkm due to practical sensor limitations . . However, if cooperative sen-
sors are used, such as the radar-transponder on the Gemini Agena, the 
terminal closure could begin at a greater spacecraft to satellite range. 
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B. Background 
The end conditions of rendezvous, position and kinetic equilibrium, 
are required in many everyday actions including mid-air refueling, air-
craft landing and even automobile parking. However, the first orbital 
rendezvous was accomplished on the Gemini program between two Gemini 
spacecraft. This rendezvous maneuver was performed only because a pre-
vious accident necessitated deviation from the originally planned ren-
dezvous with an Agena target · vehicle. Rendezvous with a target vehicle 
was later performed several times during the Gemini program. 
The Gemini-Agena rendezvous was an experiment to develop tech-
niques and equipment for the rendezvous maneuver that will be used in 
the United States manned lunar landing program. The procedure to be 
used to land men on the moon requires two spacecraft, the Apollo and 
the Lunar Module. Both spacecraft transfer from earth to lunar orbit 
attached and then the Lunar Module separates from the Apollo to land 
on the lunar surface. Return to earth requires the Lunar Module to 
ascend to a lunar orbit and rendezvous with the Apollo . which remained 
1* in orbit. The Gemini-Agena rendezvous, a rehersal for this lunar 
mission, used the same techniques and type of equipment as will be used 
on the Apollo. 
The first step in the Gemini-Agena rendezvous mission was launch-
ing the Agena into a near circular orbit. 2 ' 3 The Gemini was then launch-
ed into an orbit coplanar with the Agena orbit but at a lower altitude 
*Numbers refer to references at end of paper 
and lagging the Agena by about 1800 km. Initial rendezvous maneuvers 
were based on data supplied by ground tracking stations. At a separa-
tion of 650-750 km, a radar on board the Gemini acquired and tracked 
the Agena. This was a cooperative radar system, since a radar trans-
3 
ponder was located on the Agena. The radar supplied range, range rate 
and angle data describing the relative motion of the Agena and Gemini. 
This data was fed into a computer and the required impulsive velocity 
corrections to achieve rendezvous were determined. This computation 
used the linearized equations of relative motion developed by Clo-
hessy and Wiltshire~ The equations assume an impulsive velocity appli-
cation, which is not provided by the Gemini spacecraft propulsion sys-
tern. Therefore, the measured data was used to compute the velocity 
increment at some future time, and a thrust program was initiated to 
attain that velocity at the proper time. After the Gemini-Agena separa-
tion was reduced to about 100 meters~ all maneuvering was performed with 
manual control. 
The linearized equations of motion used in the Gemini computations 
describe the motion of one spacecraft with respect to a rectangular 
· coordinate system centered in the target satellite. The coordinate 
system rotates about the earth with the satellite and also rotates 
about the origin so one axis is always directed towards the center of 
the earth. The assumptions used in deriving the equations include: 1) 
two body inverse-square central force motion and 2) that tpe gravitational 
force on the spacecraft acts parallel to the coordinate which is direct-
ed toward the center of the earth. These assumptions permit the equations 
to be simplified so that a closed form solution can be developed for 
coasting or non-thrusting motion. A comparison of these appro~imate 
equations with the exact solutions was performed by Eggleston and 
5 Beck~ The results indicated reasonable concurrance providing the 
total maneuvering time was under one quarter of an orbital period. At 
longer maneuvering times, the assumption of a parallel rather than 
curved gravitational field was the principal source of error. 
The published terminal rendezvous studies have described either 
impulsive thrusting maneuvers or a continuous maneuver with continual 
feedback. The first type of maneuver used a single impulsive trans-
fer to _ ~ it).tercept the target and a second impulse to reduce the rela-
tive velocity to zero. Continuous maneuvering with automatic or 
manual · feedback has been analyzed for a number of particular cases of 
. 6 7 8 9 ~nterest. ' ' ' However, since the solutions involve numerical in-
tegration, the studies only showed that rendezvous would occur. The 
limits under which rendezvous would occur and the effect of a wide 
variation in initial conditions were not defined in these studies. 
An objective of these above analyses is to compute the rendezvous path 
so that a particular functional is minimized. In most studies, a 
calculus of variations technique was used to determine the desired 
path. ~nimum fuel consumption, generally expressed as minimum velo-
city increment, was the most common objective. 10 However, one study , 
analyzed trajectories in which transfer time wa~ minimized. Minimum 
transfer time can be considered only if propellant consumption and 
thrust are bounded. This analysis did not indicate how trade-offs 
between time and propellant consumption could be performed. 
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A variation of the spacecr~ft to satellite rendezvous i s the 
analysis of extravehicular maneuvering from a spacecraft to a nearby 
11 . 11 sate ~te. This analysis identified the quantitative effects of 
,the Coriolis and tidal accelerations using the linearized equations 
of motion. Continuous thrust applications and impulsive maneuvers 
were both evaluated for a number of particular cases of interest. 
However, the limits under which the extravehicular rendezvous would 
occur and the effect of a wide variation in initial conditions were 
not defined in this study. 
In summary previous work has concentra-ted on rendezvous 
analyses for a specific narrow range of initial conditions. These 
investigations have used either an exact analysis with a geocentric 
reference or linearized equations of motion relative to a satellite-
centered coordinate system oriented along the local vertical. Data 
from sensors on an inertially stabilized space~raft will consist of 
range and angle data relative to an inertially oriented coordinate 
system. This data has to be transformed as a function of range 
angle and time to be used in the above equations. None of the studies 
reviewed defined the bounds of initial conditions under which rendez-
vous can be accomplished or the time-velocity-data relationships that 
can be used irr total system trade offs. 
C. Scope of Investigation 
The terminal closure techniques investigated in this study are 
collision and p~rsuit course maneuvers. These names were originally 
comba~ aircraft terminology referring to closing on another ai~craft 
5 
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by flying a constant line of sight (collision course), or closing by 
always moving toward the target (pursuit course). Applied to a space-
craft, the collision course maneuver uses thrust normal to the line-
of-sight (LOS) between spacecraft and satellite to null the relative 
angular rate. The pursuit course maneuver uses thrust along the LOS 
until the spacecraft closes to the satellite. Completion of terminal 
closure in both techniques requires a thrust to null the relative 
velocity of the spacecraft with respect to the satellite at the time 
of rendezvous. 
Collision and pursuit course closures will differ from a mini-
mum energy closure. However, minimum energy is only one factor in a 
rendezvous mission. Other factors to be considered are: 
1. Complexity and weight of the terminal guidance sensors 
on board the spacecraft. 
2. Computations required to process sensor information into 
spacecraft propulsion system commands. 
3. Crew participation required for the rendezvous maneuver. 
4. The time required to complete the maneuver. 
The collision and pursuit course techniques are closed loop 
maneuvers requiring minimal on-board guidance and computation. A 
continuous feedback exists to the on-board ·sensors from the maneuver-
ing performed. Errors will be continually corrected rather than 
propagated through the maneuver. The sensors must provide only LOS 
and limited closing velocity data. 
The objective of this investigation is to determine the relation 
between the initial conditions at the start of terminal closure and the 
time and velocity increment to complete rendezvous with a satellite 
in a circular orbit. The closure trajectories and spacecraft ve-
locity relative to the satellite approximately define the accuracy 
requirements of the guidance sensors. The vesults of the inves-
tigation can provide input data for a systems analysis for a par-
ticular rendezvous mission in which the relative importance of all 
factors is defined. 
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The general equations of motion used for these analyses are 
developed in Section II of this thesis. Application of these equa-
tions is described for collision course and pursuit course maneuvers 
in Sections III and IV respectively. The conclusions of the analyses 
are discussed in detail in Section V. 
All calculations in this investigation were performed using 
the International System of Units (Meter -Kilogram- Sec system). 
However, any consistent set of units may be used in the equations 
that are presented. 
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II. RENDEZVOUS EQUATIONS 
The equations of motion of the interceptor spacecraft with 
respect to the target satellite will be derived using Lagranges 
equations. The coordinate system used in this analysis is illustrated 
in Figure 1. The position of the interceptor is designated by curvi-
linear coordinates r and Q, which are referenced to a coordinate 
frame centered in the target satellite. The orientation of this co-
ordinate frame is inertially fixed, but the frame rotates about the 
earth with the target. The position of this coordinate system is 
dete~mined by curvilinear coordinates R and ~ relative to a geocentric 
inertial reference. Since the target satellite is in a circular orbit, 
R will be of constant magnitude and ~ will be equal to wt where w is 
the angular velocity of the target and t is the elapsed time from an 
arbitrary reference. 
The velocity of the interceptor with.:respect .to. a geocentric in-
ertial frame is given by: 
where r 1 is the geocentr i c position v.ector ·to the .interceptor. 
The geometry of Figure 1 shows the relation: 
R + r 
an d therefore: 
V = d (R + r) 
dt 












The direction of these velocity components is illustrated in 
Figure 2. Equation .1 . .-. can -·be resolved into components parallel and 
perpendicular to T: 
v = [i?- Rw sin (Q - wt )] i + [9r - Rw . cos (Q - wt )] j 
The kinetic energy of the interceptor is given by: 
T l/2m v · 'f/' v 
T l/2m [ i:: 2 2 "2 2 2R sin (Q - wt) (2). +Rw + Q r - wr 
wt)] -2 Rwr Q cos (Q -
The potential energy : U , of the interceptor is given relative to a 
geocentric baselire by: 
U = -mg R Jr. 
e e ~ (3). 
where ge gravitational constant at the earth's surface 
radius of the earth 
As can be seen in Figure 1, it is possible to express r 1 in terms 
of R, r, Q and wt. By the law of cosines: 
2 -
+ r -2Rr cos 
The terminal closure maneuver will begin when r <100 km so that• 
for low earth orbit R2~ r 2 . At an orbital altitude of 300 km the r 2 
term contributes less than 0.01% to the value of r1. At higher orbits 
this term's contribution will be even less. 
can be neglected and r 1 expressed as: 
r 1 "'::'" [ R~ -2Rr cos (ll-wt)] ~ 
2 Therefore, the r term 
(4). 
The expression for potential energy, equation 3, can be written, 
using equation 4, in the form: 









*'-.-k-- Rw cos (9-wt) 
'-..~ ~9-wt 
I 
J-? Rw Sin(9-wt) 
Fig.2 Velocity Components 
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The Lagrange equations of motion for the :Spae.ecraf·t can be ;·writ'te~ using 
the r and Q coordinates: 
In which the Lagrangian, L, is defined as: 
L = T..;,U 
The Qr and Q9 terms are the generalized non-conservative forces 
applied to the interceptor. Q represents the radial thrust of the 
r 
spacecraft and Q9 represents a generalized torque applied to the 
spacecraft. The generalized torque is the product of the tangential 
thrust and the instantaneous radius vector. 
The Lagrangian can be written using equations 2 and 5: 
L = ~ [ r 2 + R 2w 2 + r 2 G 2 - 2 R wr sin 
cos (Q-wt)J +mgeRe 2 [ R2 -2Rr cos 
(Q-wt) -2R wr Q 
(Q-'wt) 2 ] -~ 
where the term containing r 2 in equation 2 has been dropped. The 
operations necessary to develop the Lagrange equations are: 
m[ r Rw sin (Q-wt)] 
[ 
2. ~ 
m r Q - Rwr cos (Q-wtJ 
Unlike a launch rocket in which most of the total mass is ex-
(6). 
pendable propellant, the spacecraft in orbit has a · low ratio of propel-
lant mass to total mass. Therefore, during the terminal closure phase 
of rendezvous the mass can ·be considered constant. The derivatives with 
respect to time can be expressed as: 
m ( ·~ - (S-w) Rw cos (Q-wt1 (7). 
And 
d u 
dt d9 m 2r r9 + r 9 - Rwr cos (9-wt) + (9-w) Rwr [ 
2·· 
sin (9-wt)] (8). 
The derivitives of the Lagrangian with respect to the range and angle 
are: 
m[ r9 2 - Rw 9 cos (9-wt) +~eRe 2 R cos (9-wt) 
:(R2 - - ZRr cos (9-wt)) - 312] 
m[ -Rwr cos (9-wt) + Rwr 9 sin 
(9). 
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Rr sin (9-wt) {R2 - 2Rr cos (9-wt~- 312] (10). 
Prior to completing the development of the equations of motion, 
we will consider the term: 
The general expression for a binomial term raised to power is: 
(x+y) n n n-1 = x +nx y+ n (n-1) n-2 2 X y + • • • • • • • 
2 2 providing x > y 
2 
Expanding the term 
[R2-2Rr cos (9-wt)]- 3 / 2 
using the above binomial expressi.on yie~ds: 
R- 3+3R- 4 r cos (9-wt) + 7.5R- 5 r 2 cos~(9-wt) + 
2 At a range of 100 km and earth orbit of 300 km, the -3 and h·:i:gher 
R 
terms contribute less than 0.5% to the value of the expansion. At 
higher orbits, the contribution will be even less and therefore these 
terms will be neglected. The binomial expansion then becomes: 
R- 3 ~+{3r/R) cos (9-wt) ] 
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The Lagrange equations of motion can be expressed in terms of equations 
7 through 10 as: 
and 
Qr = m (r - (9-w) Rw cos (9-wt) - r9 2+ Rw9 cos (9-wt) -
geRe 2 R cos (9-wt) (R2 - 2Rr cos (9-wt))- 312] 
Rwr cos (9-wt) +(S-w) Rwr sin(9-wt) 
+Rwr cos (9-wt) - Rwr9 sin (9-wt) + 
geRe 2 Rr sin (9-wt) (R2-2Rr cos (9-wt))- 312] 
Using the truncated expansion for (R2 - 2Rr cos ) 
-3/2 (9-wt) 
and the orbital mechanics relation that 2 2 w ge~ 
R~ 
then the Lagrange equations of motion can be expressed as: 
~r · 2 · 2 Qr = ut r-Rw9 cos (9-wt) + Rw cos (9-w.t) - r9 
+RwQ cos (9-wt) - Rw2 cos (9-wt) -3rw2 cos 2 (9--wt)] 
and 
m 2rr9 +r 9 -Rwr cos (9-wt) +(9-w) Rwr [ 
. 2 .. 
sin (9-wt) 
+Rwr cos (9-wt) - Rwr9 sin (9-wt) + Rrw2 sin (9-wt) 
2 2 ] +3r w sin (9-wt) cos (9-wt) 
which reduce to: 
r -r9 2 3rw2 cos 2(o·~wt) -gx= 0 
m 




The generalized force Q represents the thrust of the spacecraft 
r 
along the radial direction. If we designate the radial thrust per 
unit mass as Fr ~ 
F = Qr 
r m 
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·2 2 2 r - rQ - 3rw cos (e-wt) - F = 0 
r 
(13). 
The Qe term represents a torque about the center of the ref-
erence coordinate equal to the product of the tangential thrust of 
the spacecraft and the instane~us radius. Designating Fe as the 
tangential thrust per unit mass: 
and 
rF = Q •· e e 
m 
•• ' • 2 
rQ ·+ · 2 r Q +3w r sin(Q-wt) cos(Q-wt) - Fe 0 (14). 
Equations 13 and 14, therefore, define the motion of a space-
craft with respect to a satellite during the terminal phase of rendez-
vous. The remainder of this thesis will consider two special cases 
of these general equations, collision course and pursuit course man-
euvers. 
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III. COLLISION COURSE CLOSURE 
A collision course closure maneuver uses thrust normal to the line 
of sight between spacecraft and satellite to maintain the line of sight 
constant. The spacecraft will then close-in to the satellite provid-
ing the radial velocity remains negative. Therefore, i9 a collision 
.. . 
course maneuver, 9, 9 . and Fr will be ·zero and Q will be a constant 
equal to 90 . The equations of motion for a collision course closure, 
assuming perfect thrust control, become: 
2 2 r - 3rw cos (Qo-wt) = 0 (15) 
2 3 w r sin(.Qg-:w:t) .co:s(~0 -:w.t) - Fg =  0 (16) 
On-Ly ·tJb:e ·.fl.rst of these i .s a d.i-f.fe.rentia1 equation. 
A. Closed Form Solution 
The differential equation for a collision course closure can be 
transformed into the standard form of a Mathieu equation which has a 
closed form solution. This solution, which will be discussed in the 
following paragraphs, is a complicated infinite series function. In 
practice this solution is more difficult to apply than a numerical inte-
gration on a digital computer. 
The basic form of the Mathieu equation, 12, 13, 14 is given by: 
+ (:~+!q cos 2z)y = 0 ( 17). 
The Mathieu function, which is a solution of this equation, is of the 
form: 
y = A exp (uz) +~Zn • exp (2nzi) +B exp ( -uz) 
+co _£' 
-~c2n exp (-2nzi) (18). 
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The constants u and c2n are dependent on a and q in. the standard form 
of the differential equation. A and B are constants of integration 
dependent on the boundary conditions. 
where 
The collision course equation is: 
•• 3 2 2 1'11 
r - rw cos P = 0 
0 = g -wt 0 
Using the relation: 
2 COS 2 0 ""' COS · 2 0 + 1 
The collision course equation becomes: 
r· -3 w2 (cos 20+l)r = 0 
2 
This can be put in the ·form· of a Mathieu · eq.ua'tion by the .following mani-










d0 dt -~ 
2 





2 d 2 r 
d0 2 
-w 
the collision course equation can be written as: 
3 3 (-2 -2 cos 20) r = 0 
This equation will have a Mathieu function of the form: 
.. +oo 
r= A exp (u0) L c 2 exp (2n0i) + B exp ~: ... :\:1'.0) 
-oo n 
+CO 
-~ c2nexp( -2n0t) 
The v~ue of u can be computed using the procedures developed by 













- ••••••••• ] 2 
+ 




Mathieu equation. In the collision course equation these coefficients 
have numerical values of -1.5 for a and -.75 for q. Using these 
values and truncating the series after four terms r~sults in: 
B 1.1756i 
u = 1.1756 
13 
The coefficients c 2n are given by the recurrance formula ·: 
[a- (2n-iu) 2 ] C2n-q (C2n+2 +C-.2n ... 2) = 0 
These were computed for n = 1,2,3,4 and are: 
c = 2 -7.8695 
. 10- 2 (1+1.1528i)c0 
c = 0.8917 . 10- 3 (1+5.3223i)c0 4 
c 6=17.3360 
. 10- 6 (l-5.2958i)c0 
c 8=-0.4768 
. 10-6 (l-1.9589i)c0 
19 
The coefficients c-2n will be the complex conjugate of c2n" 
For convenience in completing the solution we will arbitrarily let: 
Substituting these in the standard form solution for the Mathieu equa-
tion yields: 
r =A ,exp (u\11) [ .... + (R4 -14 ) c0 exp (-41)'i) 
+(R2-r2 ) c 0 exp (-20i) + _C0 +(R2+I 2 ) c9 exp (20i) 
+(R4+I4 c0 exp(4\11i) + ····] +B .·.exp (-u\11) 
[····· + (R4-r4 )c0 exp (4\i!li) + (R2-r2) c0 exp 
Using the relation 
exp (ix) = cos X + i sin x 
this equation can be reduced to: 
r = 2A1 exp (u\11)[ ~ +R2 cos20 +ii 2 sin (20) 
+R4 cos 40 +il4 sin 40 + ..... -] +2B1 exp (7u0) 
[~ + R2cos 20 - i r 2 sin 20 + R4 cos 40 -i I r 
........ :] sin 40 + 
which w.l;leR · wr:Ltt.e.n in series ·for.ril .this .becomes: 
(20i) 
+ ..... -] 
r = 2A1 exp {u\11) [ ~ ~(R2n cos 2~~ + ii2n sin 7n\11~ 
+2B1 exp (41\11) [~+ ~(R2ncos2~ -i r 2n sin 2~~~ 
Substituting the numerical values for c2n the solution becomes: 
r =A exp (1.176(9-wt)) [.s-.0787 cos 2(9-wt) 
20 
~09072 sin 2(90 -wt) +.000892 cos 4(90 -wt) -.004746.10- 3 
sin 4(90 -wt) + ..... ] +B exp (-1.176(90 -wt)) 
[.s - .0787 cos 2(90-wt) -.08072 sin 2(90 -wt) + 
.000892 cos 4(90 -wt) +.004746 sin 4(90 -wt) + .... ~·] 
Where A and B are constants of integration which depend on the 
initial radius and radial velocity. 
The above expression is a complicated infinite series function 
which is more difficult to solve than a numerical integration of the 
equations of motion. Therefore, a numerical integration procedure 
was selected for the computations and analyses of this investigation. 
B. Numerical Integration 
The equations of motion for a collision course closure were 
previously shown to be: 
r - 2 2 3rw cos (90 -wt) 0 ( 15 ). 
( 1 6). 
To integrate the second order differential equation, a substitution 
of variables will be used to transform it into two first order dif-
ferential equations. Let r = V and then the equation becomes: 
. 2 2 
v = 3rw cos (90 -wt) 
The three equations of motion for a collision course closure 
are therefore: 
r . = V 
• 2 2 
V = 3rw cos (90 -wt) 
F9 = 3rw
2 sin (90 -wt) cos (9-wt) 
These equations can readily be solved using a finite difference 





Eulers method applied to these equations yields: 
2 2 
vn-1 + h (3rn-l w cos ( 80 -wnh + wh)) 
2 F = 3 r w sin (90 - wnh + .wh) cos (90 -wnh + wh) 9n n-1 · 
where h is the finite increment of time over which the computations 
are made. 
The above equations were progrannned for a GE 265 computer, and 
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integrated step by step until V became positive which indicated that 
n 
the spacecraft was moving away from the satellite. If V became 
n 
positive when r was approximately zero, then rendezvous had occurred. 
However, if the initial energy of the spacecraft was not enough to 
reach the satellite, Vn would become positive before r reached zero 
and rendezvous would not be achieved. The computer program used for 
these calculations is presented in Appendix A. 
C. Analysis of Results 
A numerical anal~sis was made of collision course closures to 
determine the influence of initial dynamic conditions of the space-
craft on the time and velocity increment required for rendezvous. The 
range of initial parameters considered are summarized in Table I. The 
analysis was based on a satellite in a 370 km orbit which is an alti-
tude representative of near future manned space operations. 370 km 
is low enough so the crew is not exposed to dangerous ionizing radiation 
and high enough so that atmospheric drag does not significantly 
influence the orbit. The initial line of sight angle is the value 
of 9, Figure 1, at the starting position wt= 0. The physical sig-
nificance of these relative positions is indicated in Figure 3. An 
initi~l line of sight between 0° and 90° indicates the spacecraft is 
approaching the satellite from behind and below, while initial line 
of sight between 90° and 180° indicates an approach from behind and 
above. Similarly approaches from ahead are indicated by an initial 
line of sight between 180° and 270° for above and between 270° and 
360° for below. 
Range 
TABLE I 
Initial Conditions Used In 
Collision Course Analyses 
Closing Velocity 














The closure path in a collision course maneuver is by definition 
a straight line, since the line of sight is held constant. Typical 
closures are illustrated in Figure 4 which presents range as a 
function of time. The closing velocity, as indicated by the slope 
of the curves in Figure 4, decreases gradually at first and then begins 
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Fig. 4 Typical Collision Course Closures 
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However, the numerical solution of collision course maneuvers indi-
cated that the most significant parameter was the absolute value of 
the ratio of the initial range to the initial closing velocity, 
Ro/V0 • The initial line of sight was important only at higher ratios 
of Ro/V0 ; while at lower ratios it was not significant. 
1. Time to Rendezvous 
The time to rendezvous depends on the ratio of Ro/V0 and on the 
initial line of sight, 90 , to the target as illustrated in Figure 5. 
The actual range and velocity do not affect the time to rendezvous; 
the closure time from 100 km at an initial velocity of -200 mps is the 
same as the time from 10 km at an initial velocity of -20 mps. At 
ratios of R0 /V0 up to about 250 the closure time is essentially in-
dependent of angle and can be approximated by the straight line 
given by the equation: 
t = 1.1 Ro/V0 
However, at higher values of Ro/V0 the value of 9 significantly 0 
affects the time required to rendezvous. Figure 6 shows time. to 
rendezvous as a function of line of sight for · 
to 500. The time varies from a peak of about 1050 sec., occuring at 
9 values of 13 and 193° to a minimum of about 550 sec. 
0 
The curves 
are periodic with a period of 180°. As the &ol.v0 ratio decreases, 
the time-angle curve flattens out rapidly, at an R0 /V0 ratio of 400 
the maximum time is about 540 sec. and the minimum 405 sec. While 
at an Ru/V
0 
of 250 the time varies only between 250 and 272 seconds. 
This data indicates that the maximum time to rendezvous occurs 




















800 L 70° 250° 
' 
I /// ~ 60°~ 240° 







Fig. Sa Relation of Rendezvous Time to R /V Ratio, Q =10-110° and 190-290° 






















800 1000 1400 
Time, sec. 
Fig. 5b Relation of Rendezvous Time to R /V Ratio, Q =110-180° and 290-360° 
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or above and slightly ahead. The minimum time to rendezvous occurs 
when the spacecraft is approximately at the same orbital altitude as the 
satellite. Specifically the minimum is centered about an angle of 
about 103° and 283°, which is slightly above the satellite when the 
spacecraft is behind and slightly below when the spacecraft is ahead. 
As can be concluded from the curves presented in Figure 5, 
there is a threshold value of Ro/V0 above which rendezvous cannot 
be achieved unless additional radial thrust is applied. The threshold 
value of Ro/V0 varies with the initial line of sight angle but does 
not depand on the actual value of either R0 or V0 • Figure 7 illus-
trates th e relation o f the threshold R /V to the initial line of 
0 0 
sight. This curve is also periodic with ~ perlod of 180°. It has a 
minimum of 535 near 15 and 195°and maximum of 1290 near 110 and 290°. 
2. Velocity Increment 
The velocity increment, 6V, required for rendezvous, which must 
be supplied by spacecraft thrusting, is compoBed of velocity normal to 
the line of sight, which nulls the line of sight angular velocity to zero, 
and that required to null the closing velocity at termination of rendez-
vous. This velocity increment, ~V depends on the R0 /V0 ratio, the line 
of sight angle and the actual value of Ro· The variation of 6,v with ' 
Ro/V0 and 90 is illustrated in Figures 8 and 9 for an initial range 
of 100 km. At constant values of Ro/V~ and 9 0 the~V required de-
creases linearly with decreasing range, the 6V for an initial range 
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Fig. 8a Velocity Increment Required for Rendezvous, Q=l0-90°, .190 -270° 
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The A V variation with Q0 is periodic with period of 180°. Its 
minimum occurs at about 13° and 193° corresponding to the maximum t i me 
to rendezvous. Howeve·r, there are two maximum values per period or 
four in the total angular coverage. These maximums occur at 80° and 
126° and at 160° and 306°. Between each maximum there is a local 
minimum "that i ·~ . slightly below the maximum values. As the value of 
R0 /V0 decreases, the required fl V increases . and the curve becomes · flat-
ter. At an Ro/Vo of 500 the /1 V varies between 86 and 220 mps, while 
at an Ro/V0 of 250 the ~ V varies between 351 and 420 mps. 
3. Mathematical Model 
A useful representation of the time to rendezvous-initial line 
of sight relation would be a Fourier series that could approximate the 
curve over a full period. A harmonic analysis was made of both the 
time - LOS and the fj. V-LOS data using the method described by Frank-
lin 16 The . Fourier series was assumed to be of the form: 
n n-1 
t +Ao + I: Am cos mwQ + I: Em sin mwQ 
m=1 m=l 
n n-1 
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t cos nwQ 
s s 
Coefficients for the 8V-LOS .curve were obtained by merely substitut-
ing~V for t in the above algorithm. 
The time-LOS and ~V-LOS curves were analyzed using 20 points 
from Q = 0 to 171 degrees in 9 degree increments. A twenty term 
Fourier series was defined for both time to rendezvous and required 
8v for R /V values of 200-500. The coefficients for these series 
0 0 
are presented in Table II for the time-LOS function and Table III 
for the 8V-LOS function. Since the threshold R /V value is as low 
0 0 
as 535 for some LOS values, both the time-LOS and time-impulse curves 
would be discontinuous at R /V values above 535. 
0 0 
These series were used to compute time and ~Vat five degree 
increments from 0 to 180°. The values obtained agreed to within 
0.5% of the values determined by numerical integrations. 
The Fourier series can be simplified by dropping all terms in 
which the magnitude of the coefficient is less than one. The maximum 
possible effect of dropping these terms would occur if the sines and 
cosines in all the truncated terms had a value of either +1 with a 
ppsitive coefficient or -1 with a negative coefficient. This maximum 
effect is the sum of the magnitudes of the truncated coefficients, which 
is approximately 2.4 sec. for time and 2.6 meters/sec. for ~V. 
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Table It 
Fourier Series Coefficients 
Time To Rendezvous 
Series Initial R /V Value 
Term 0 0 
200 250 300 400 500 
A a 205.05 260.9 320.8 459.8 684. 15 
Al 5.535 11.621 21.83 65.397 222 . 652 
A2 .274 .459 1.329 7.248 50.403 
A3 -.0526 .0788 .119 .797 4.972 
A4 .0156 .0422 .0410 .0681 4.860 
As -.0999 .0830 - . 00235 -.119 -4.739 
A6 .145 .0169 -.0966 .000934 - -2.677 
A7 .157 -.0776 -.0794 -.0655 -- -. 986 
A8 -. 0941 .0055 -.0617 .0635 -.145 
A9 -.0695 -.130 -.0273 -.184 .194 
AlO .0476 .00078 .000982 -.0924 -.0924 
Bl . 794 1.639 4.125 16.923 85.760 
B2 .0774 .185 . 341 5.233 59.080 
B3 .1<99 -;. -.103 -.125 1.090 29.786 
B4 .0968 .0408 -.0926 .198 11.862 
B5 -.0194 -.118 -.0033 .0759 3.217 
B6 .126 .0379 -.04699 -.0300 .00795 
B7 . 00584 -.0429 .0399 .104 -.661 
B8 .0313 .158 -.0836 .133 -.404 
B9 -.0417 .203 .0548 -.180 -.188 
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Table III 
Fourier Series Coefficients 
Rendezvous Velocity Increment 
Series Initial R /V Value 
Term 0 0 
200 250 300 400 500 
Ao 492.539 390.42 "321.081 232.47 174.679 
Al -19.82 24.942 -30 . 240 -41.310 -52.968 
A2 -8.089 -9.902 -11 . 562 -13.967 -13.006 
A3 -.07269 -.104 -.103 .270 2.676 
A4 1.289 -1.345 -1.249 -.635 .597 
As -.002 .0158 .0575 .139 .0516 
A6 -.397 -.319 -.205 -.0708 - . 229 
A7 .00607 .0135 .0181 -.0299 -.0286 
A8 -.163 -.00961 -.0691 -.0946 -.0700 
A9 .00818 .00733 -.00717 .00530 -.0109 
AlO -.0682 -.0438 -.0444 - . 0534 -.0588 
Bl 3.118 -5.0309 -7.570 -15.112 -28.488 
B2 -2.596 -4.144 -6.162 -11.931 -21 . 414 
B3 -.0814 -.188 -.383 -1.118 -2.177 
B4 -.876 -1.266 -1.64 6 -2.142 -1.619 
B5 -.0272 -.0397 -.0414 .0658 .460 
B6 -.436 -.55 6 -.596 -.482 -.390 
B7 -.0134 -.00823 .0132 .021 6 -.0407 
B8 -.206 -.206 -.199 - . 163 -.17 6 
B9 -.00713 -.00323 .00341 -.0147 .021 6 
The coefficients for both series increase with increasing R /V 
0 0 
values except for the A term for ~V. This variation of coefficient 
0 
versus R /V for each term is illustrated in Figure 10 for time-LOS 
0 0 
series and Figure 11 for ~V-LOS series. A numerical analysis was 
39 
made to dete~mine if the relation between the Fourier coefficient and 
R /V for a given series term could be represented by a second order 
0 0 
polynomial, a power function or an exponential function. This ana-
lysis was performed using a library program on the GE 265 digital 
computer. However, no functions were found which agreed to the data 
even within 10%. 
The Fourier expansion permits calculation of the time to rendez-
vous and the ~V required at any line of sight for the five R /V 
0 0 
ratios presented. The data presented in Figure 10 and 11 can be 
used to develop an abbreviated series for computing the approximate 
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F ig.11 Principal Fourier Coefficients For av-LOS (semi-log scale) 
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IV. PURSUIT COURSE CLOSURE 
A pursuit course closure uses constant thrust directed along the 
line of sight to the satellite to maneuver the spacecraft to the satel-
lite. Since no thrust is applied normal to the line of sight F9 is 
zero. Therefore, equations 13 and 14 can 'be reduced to: 
r - • 2 2 2 r9 - 3rw cos (9-wt) 






These equations are more complex than the corresponding equations for 
collision course closure and a closed form solution is not practicalo 
Therefore, a numerical integration procedure was used to analyze this 
maneuver. 
A. Numerical Integration 
These two second order differential equations were solved using 
a numerical integration technique performed on a digital computer. 
The two second order equations .were first transformed into four first 
order equations using the technique described in Section III-B. Two 
new variables, V and o( were introduced to represent the closing 
velocity and line of sight angular velocity respectively. The trans-
formed equations of motion are: 
:r = v 
V r~ + 3rw2 cos2 (9-wt) +Fr 
ci( = -2V t1( - 3w2 sin (9-wt) cos (9-wt) 
r 
These four equations were then integrated using a finite difference; 
(2 1) 
(22) 
technique, Eulers method. The numerical integration format is: 
9 
n 
9n-l + ha£n-l 
v 
n Vn-1 + h trn-1) (c£n-1 2 + 3rn-1 w2 cos2 
(9n_ 1-nwh+wh) +Fr] 
ol.n =<tn-1 - h[ ZVn-1 ~n-1/rn-1 
cos(Gn_ 1 - wnh + wh)] 
sin (9n_ 1-wnh+wh) 
These equations were programed and run on a GE 265 computer. The 
program developed is presented in Appendix A. 
To start this integration the initial values of range, closing 
velocity, angle and angular velocity are required. In addition, a 
level of the constant thrust per unit mass must be established. How-
ever, this thrust level is not arbitrary, but depends on the cap-
abilities of present and near future manned spacecraft. In general, 
a spacecraft designed for orbital maneuvers will have a primary and 
43 
a secondary propulsion system in addition to its attitude control sys-
tern. The primary propulsion system will have a thrust to mass ratio 
2 
of 8-10 meters/sec and be used for providing large velocity incre-
ments to initiate orbital transfers and perform plane changes. Using 
the primary propulsion system in a constant thrust mode during ter-
minal closure would require very high propellant consumption; for 
example, a 12,500 kg spacecraft would consume about 92 k g of pro-
pellant per second. For long duration thrusting, the secondary pro-
pulsion system would be used which typically has a thrust to mass 
2 
ratio of about 0.15 meters/sec • 
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The equation for the angular velocity, o(, indicates that o(. varies 
inversely as the range. As the range approaches zero, the angular 
velocity can approach infinity. Physically, since the satellite is 
not a point mass, the range would never become zero although it could 
become zero in the mathematical model. Durmng an actual rendezvous 
maneuver, the spacecraft radial ana angular velocities would be nulled 
as the spacecraft neared the satellite. Therefore, these velocities 
would approach zero as the range approached zero. To avoid the 
mathematical problem .which arises if the range approaches zero in the 
equation, it was assumed that the pursuit closure maneuver would be 
concluded when the range was reduced to ab6ut 100 meters. This 
separation distance is the same distance at which the terminal closure 
maneuver was considered to be completed on the Gemini-Agena rendezvous. 
B. Numerical Analyses 
The numerical analysis of pursuit course closure maneuver was 
made using a wide range of possible initial conditions. The para-
meters varied were range, closing velocity, line of sight angl e and 
angular velocity. The range of these variations is presented in 
Table IV below: 
TABLE IV 
Range of Initial Conditions for Pursuit Closure 
Range Closing Velocity Angular Velocity Line of Sight 
(km) (meter/sec.) (milliradians/sec) (Degree) 
10 -50 to -425 -1 to +1 0-360 
20 -50 to -425 -1 to +1 .0-360 
30 -50 to -425 -1 to +1 0-360 
40 - 50 to ;.4 25 -1 to +1 0-360 
50 -50 to -425 -1 to +4 0-360 
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The objective of these analyses was to define the affect of the 
initial conditions on the time and velocity increment required for ren-
dezvous. However, the discussion in the remainder of this section 
emphasizes minimum range or miss distance. This refers bo the range 
at the closest approach of the spacecraft to the satellite when the 
spacecraft trajectory does not intersect the satellite. Miss distance 
-is emphasized since time and velocity increment are significant only 
if rendezvous is achieved. Some typical collision course closure tra-
jectories in which rendezvous does not occur are illustrated in Figures 
12 and 13. The spacecraft moves in an arc toward the satellite, passes 
the satellite and moves beyond it to a range very close to the initial 
range. At this point, the closing velocity is zero and thrust is still 
being applied along the line of sight to the satellite. The spacecraft 
then reverses direction moving toward the satellite on a path which 
passes the satellite on the opposite side. The point of closest approach, 
where the radial velocity goes from negative to zero to positive, will 
be refered to as the miss distance. At this point, the angular velo-
city of the spacecraft reaches a maximum. Typical kinematic conditions 
at the point of closest approach are illustrated in Table V for some 
typical closure trajectories. 
TABLE V 
TYPICAL KINEMATICS AT MINIMUM APPROACH DISTANCE 
Initial Initial Miss Angular Tangential 
Range Closing Distance Velocity Velocity 
(km) Velocity (meters) (radians/sec) (meters/sec) 
(m~ters/s~c) 
40 225 457 .47 256 
30 125 364 .38 138 
20 50 282 .29 82 
Spacecraft 
Trajectory 
t%. =-. 0001 Rad/ se 
0 




















On closures in which rendezvous is effected, the spacecraft 
velocity will include both a substantial closing velocity and a moderate 
angular velocity. Final completion of the rendezvous maneuver re-
quires application of thrust to null both of these components of ter-
minal velocity. 
The magnitude of the miss distance depends on the initial range, 
closing velocity, angle and angular velocity at the start of the maneu-
ver. This distance decreases with increasing initial velocity and 
with decreasing range and initial angular velocity. For a specific 
range and closing velocity, the miss distance is a linear function 
of initial angular velocity within the values investigated. Figure 
14 illustrates this relation for a closing velocity of 100 meters/sec 
and initial ranges of 10 to 50 km. At an initial line of sight of 
zero, these curves tend to converge between 0 and -0.1 m:i:.llir:adians/ 
sec, but the curves for positive and negative initial angular velo-
cities have different slopes. 
Small variations in the initial angular velocity can significantly 
affect the miss distance. At zero initial angular velocity and zero 
initial line of sight rendezvous will be effected from so· km at a clos-
ing rate of 100 meters/sec. However, if the initial angular velocity 
is increased to only 0.5 milliradians/sec the spacecraft will miss the 
satellite by 11 km. 
The miss distance dec~eases with decreasing range and with an in-
crease in closing velocity. A 50 meters/sec increase in the closing 
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"'" Fig. 14 Variation of Miss Distance With I nitial Angular 
Velocity at Zero Initial LOS 
the miss distance from 11 to 8 km, Figure 14. However, if a 25 
meters/sec velocity increment is applied to null the angular rate at 
the start of the closure maneuver, rendezvous is effected. 
The initial angular velocity at which miss distance is minimized 
varies slightly with changes in the initial line of sight. The maxi-
mum deviation is only about 0.25 milliradians/sec and occurs at ini-
0 0 tial line of sight of 45 +n90 (n=O, 1, 2, 3) as illustrated in 
Fagure 15 for a 45° initial line of sight. The minimum is at approxi-
0 
mately zero for angles of n90 . Decreasing the range or increasing 
the closing velocity reduces the affect of initial angular velocity on 
the miss distance. However, rather than apply a velocity increment to 
increase the closing rate, it is more efficient to apply a velocity 
increment to control the initial angular velocity. 
Unlike collision closure in which rendezvous time is a function 
only of Ro/V0 and initial angle, the pursuit closure rendezvous time 
depends on initial range, closing velocity, angle and angular velocity. 
The variation of rendezvous time with initial closing velocity for 
initial ranges of 10 to 50 km is presented in Figure 16. Both initial 
angle and angular velocity are zero in this example. As the initial 
closing velocity becomes smaller it approaches a threshold velocity 
b.elow which the spacecraft will miss the satellite. This threshold 
velocity occurs between 50 and 100 meters/sec at an initial range of 
50 km in the illustrated example and below 50 meters/sec for the lower 
initial ranges. 
The velocity increment, ~V, required to effect rendezvous varies 
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composed of the velocity supplied by the constant thrust and that 
required to null the closing radial and angular velocity as the space-
craft reaches the satellite. An additional velocity increment may 
also be required to null the angular velocity at the start of the 
pursuit closure. However,' this latter increment is independent of 
the terminal kinematics and initial closing rate. 
Variation of the initial line of sight to the satellite with the 
other initial conditions being held constant does not significantly 
affect closure time or required velocity increment when rendezvous is 
attained. However, the initial line of sight does affect the initial 
conditions at which rendezvous can be attained. As previously dis-
cussed, at an initial line of sight of 45°, the initial angular velo-
city should be about 0.25 milliradians/sec rather than the zero value 
as required at 0, 90, 180 and 270 degrees. At zero initial angular 
rate and 45° line of sight, the minimum closing velocity required for 
rendezvous is significantly higher than at 0°, Figure 18. 
C. Pursuit Closure Evaluation 
The numerical computations of pursuit course closure have shown 
that this maneuver does not necessarily insure rendezvous. Only under 
limited initial conditions wi ll the spacecraft trajectory be sufficient-
ly near the satellite to permit rendezvous to be attained. This can 
be interpreted mathematically by assuming a solution of the differential 
equations of motion for time as a function of the range. Only under 
certain initial parameters would there be a real value of time, for 
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considering the spacecraft and target as a single dynamic system. 
Since thrust is applied by the spacecraft along the line of sight to 
the target, no non-conservative torques are applied to the system. 
Therefore, the angular momentum of the system must be conserved. The 
radius of rotation ·and angular velocity of the target are constant . so 
both value and direction of its angular momentum are constant. To 
visualize the kinematics of the target we will assume that its angular 
2• 
momentum relative to the target, mr Q , remains constant. This assump-
2 
tion is a reasonable approximation if 9Q>:>w. The initial value of 
2· 
angular momentum is mr Q0 , as the radius decreases Q must increase 
2 
rapidly to maintain constant angular momentum. This increase in Q 
causes a still steeper positive increase in the radial acceleration. 
If the i -ncreased positive acceleration causes i: to become positive 
before r=O the spacecraft will sweep by the target. 
An initial closing velocity of 100 mps will insure rendezvous at 
ranges up to 50 km providing the initial angular velocity is corrected 
for the initial line of sight. At initial line of sight of 0, 90, 180 
and 270°, the initial angular rate must be nulled to zero. The maximum 
deviation from zero angular velocity occurs midway between these angles. 
The initial angular velocity should be .25 milliradians per sec at 45° 
and 225° and -.25 milliradian at 135°and 315°. This angular rate 
deviation is very small and requires a precise measurement and control. 
A small deviation from the desired value can significantly increase the 
miss distance. 
The spacecraft thrusting operations required to perform the pur-
suit closure maneuver are: 
1. Thrust normal to the line of sight to null or adjust the 
initial angular velocity. 
2-. Apply and maintain a constant thrust directed towards the 
target satellite. 
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3. As the spacecraft approaches the satellite apply thrust both 
along and normal to the line of sight to null the terminal 
closure velocity . 
.The first step required in the closure maneuver, controlling the 
initial angular velocity is a step in which a small error will signifi-
cantly affect the rendezvous. The pursuit closure can no longer be 
considered a closed loop system since all errors are not continually 
corrected. The rendezvous maneuver is very sensitive to errors in 
this first step. As previously indicated, a variation of only .5 
milliradians/sec. at an initial range of 50 km and closing velocity of 
100 meters/sec can mean the difference between successful rendezvous and 
the spacecraft missing the satellite by 8 km. 
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V. CONCLUSIONS 
A. Maneuver Comparison 
This investigation indicates that although terminal closure ren-
dezvous can be attained by means of both collision course and . pursuit 
course maneuvers, only the collision course maneuver can be considered 
practical. Both techniques require minimal on board guidance sensors 
and no on board computation. However, the velocity increment for a 
pursuit closure will be significantly higher than that for a collision 
closure. 
In addition, only the collision closure can be considered a 
closed loop maneuver in which errors are continually corrected. Pursuit 
closure is extremely sensitive to the initial arigula-r- ve.locity . . 
A comparison of the velocity requirements for both maneuvers is 
presented in Table VI for an Ro/V0 of 400 and Table VII for an Ro/V0 
of 250. 
TABLE VI 
Collision and Pursuit Closures for Ro/V0 of 400 
Initial Initial Collision Pursuit Collisionfl V 
Range Closing Closure Closure For Pursuit 
(km) Velocity Maneuver Maneuver Time 
(mps) Time dV Time llv (mps) 
(sec) (mps) (sec) (mps) 
20 50 535 35 227 137 85 
30 75 535 43 248 181 116 
40 100 535 75 264 225 147 
50 125 535 93 293 277 160 




Collision and Pursuit Closures for R0 /V0 of 25·0 
Initial Initial Collision Pursuit Collision fl V 
Range Closing Closure Closure For Pursuit 
(km) Velocity Maneuver Maneuver Time 
(mps) Time flv Time /::iv (mps) 
(sec) (mps) (sec) (mps) 
20 80 275 80 192 155 107 
30 120 275 120 195 210 158 
40 160 275 161 198 265 208 
50 200 275 200 208 327 248 
Q 0, ~ 0 
The v .elocity required for a pursuit ·closure at an Ro./V0 ratio of 
400 is 102 to 184 meters/sec more than for collision closure. The 
time to rendezvous with the pursuit maneuver is only about one-half 
that re.quired in a collision maneuver. However, rendezvous time can 
be reduced . efficiently in a collision closure by applying an initial 
thrust to increase the closing velocity. The total velocity increment 
· for a collision closure in the same time as the pursuit closure will 
still be considerably lower than the pursuit velocity increment. As 
is indicated in Table VI, the collision maneuver can achieve rendez-
vous in the same time as in the pursuit maneuver by applying an addi~ 
tional velocity increment of 50-67 meters/sec at the start of the 
closure. 
A similar comparison is made in Table VII at an Ro/V0 ratio of 
250. The pursuit closure is .sti:ll slightly faster,. but requires from 
75 to 127 meters/sec greater velocity. A collision closure can be 
achieved in the same time by the initial application of from 27 to 48 
60 
meters/sec velocity increment. Therefore, only a collision course 
maneuver can be considered feasible for spacecraft to satellite rendez-
vous. A pursuit course closure requires an .excessive expenditure of 
propellant. For example, an additional 184 meters/sec, which is re-
quired under some initial conditions for pursuit closure would represent 
about 810 . kg of propellant on a 12,500 kg spacecraft. In addition, a 
small difference in the initial angular rate from that desired can 
cause the spacecraft to miss the satellite by several kilometers. 
The collision course data, which was generated in Section ILl, 
provides information for analysis of the total spacecraft system under 
specific mission constraints. An example of one application of this 
data is presented in the next section of this thesis , 
B. Mission Analysis Example 
An application of the collision course closure analysis will be 
illustrated by considering an ·example rendezvous problem. A space-
craft is to rendezvous with a satellite in a 370 km orbit. The complete 
rendezvous mission includes: 
1. Launch the spacecraft into. a 180 km parking orbit. 
2. Execute a plane change so the spacecraft orbit is in the 
plane of the satellite orbit. 
3. Initiate a coplanar transfer trajectory. 
4. Perform a terminal closure maneuver. 
The objective of this analysis is to minimize the energy required for 
the last phase of rendezvous, the terminal closure maneuver. All other 
maneuvers are assumed to have been optimized or fixed by mission con-
straints. 
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As has been previously discussed in Section ·I, the actual trans-
fer trajectory can vary from the desired rendezvous trajectory due to 
position uncertainties and thrusting er~ors in initiating the transfer. 
All these errors can be combined and represented as a position un-
certainty, or area <;>f uncertainty, at the completion of transfer. A 
reasonable estimate o·f this area of uncertainty is an ellipse with a 
10 km semi-major axis o.riented along the satellite orbital velocity 
vector and a 5 km semi-minor axis oriented radially, Figure 19. The 
satellite is at the center of this ellipse and the spacecraft transfer 
trajectory might be concluded at any point within this ellipse. The 
maximum expected error would result in the spacecraft being either 
10 km ahead or behind the satellite or 5 km above or below the satel-
lite. The transfer trajectories for these extreme error values are 
presented in Figure 20. To correct for these errors, at some point 
during the transfer the spacecraft must initiate the closure maneuver. 
Determination of when this closure maneuver should be ·initiated 
to minimize propellant expenditure requires analysis of each of the 
possible trajectories using the data presen~ed in Section III. The 
range and line of sight to the satellite during the transfer are pre-
sented in Figure 21 and 22. The ratio of range to radial velocity, 
R/V, during each trajectory was computed and is presented in Figure 23. 
The threshold values of Ro/Vo for collision course maneuvers, Figure 
7, indicate. the limiting value of this ratio for achieving rendezvous. 
Comparing these Ro/V0 values with the R/V ratio and line of sight 
values during transfer, Figure 22 and 23 indicates that the R/V is 
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in which the error is 10 km behind and along the orbital track. During 
this transfer the spacecraft passes , b~ . the satellite and the radial 
velocity becomes positive. When the R/V during transfer is below the 
threshold Ro/V0 , the collision maneuver can be initiated at any time 
during. tr.ansfer without application of radial thrust to increase the 
closing velocity. 
The velocity increment required for rendezvous was presented as 
a function of Ro/V0 and initial LOS in Figure 8. The R/V values dur-
ing transfer, Figure 23, are correlated with the velocity increments 
of Figure 8. This provides a ·baseline velocity increment for rendez-
vous as a fun c tion of the point in the transfer tragectory at which 
the collision closure maneuver is initiated. These values are then 
corrected for the actual range and presented in Figure 24. In addi-
tion to the collision closure velocity requirements, a velocity incre-
ment is required to null the initial angular rate. This increment is 
merely the initial tangential velocity and is presented for each 
trajectory in Figure 25. The total velocity required for collision 
closure maneuver is the sum of these two _velocity increments. 
The total velocity required for this maneuver as a function of 
the time in the transfer at which the maneuver is initiated is pre-
sented in Figure 26. This velocity decreases with increasing time 
until about 3/4 to 5/6 of the way through the trajectory a minimum is 
reached. The velocity increment then i ncr e ase s to a local maximum and 
then drops of slightly. All four trajectories have a minimum between 
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rel~tively flat within that region. Therefore, to minimize the velo-
city requirements the collision course closure should be initiated 
approximately 2350 seconds after start of the transfer. The velocity 
increment will be less than 73 meter/sec. Timing of the start of the 
maneuver is not critical, it can be initiated within +50 seconds of 
this preferred time with only a small increase in velocity requirements. 
The above example has illustrated application of the collision 
closure analyses to a specific objective in a particular mission. The 
data can also be applied to many other missions for trade offs of time 
and velocity required for rendezvous. 
C. Summary _of Results 
This study has evaluated collision and pursuit course terminal 
closures for spacecraft to satellite rendezvous and shown that only 
a collision course closure is practical. The data has been generated 
which is necessary for mission analysis of spacecraft to satellite 
collision course rendezvous maneuvers in low earth orbit. This 
maneuver, the final phase of a rendezvous mission, consists of three 
basic steps: 
1. Null initial relative angular velocity. 
2. Maintain this ·angular velocity at zero. 
3. Null the radial velocity as the spacecraft reaches the 
satellite. 
This maneuver can be performed with an on board guidance sensor t hat 
provides angular velocity data only plus a sensor for measuring closing 
velocity at short ranges. The results of the study established the 
initial conditions under which rendezvous can be achieved and the 
expenditure of time and velocity required to accomplish rendezvous. 
This data is summarized in Figures 5,7, and 8. 
The initial conditi ons under which rendezvous can be attained 
depend on the magnitude · of the ratio of the initial range to the 
initial closing velocity R /~ and the line of sight to the satellite 
0 0 
at the start of the closure, Figure 7. The line of sight is refer-
enced to an inertially oriented coordinate system in which the 0° 
line is directed along the earth-satellite radius vector at the time 
when the maneuver is initiated. 
The time to rendezvous is a function of the R /V ratio and the 
0 0 
initial line of sight, Figure 5. The velocity increment required for 
rendezvous depends on the R /V ratio, initial line of sight and on 
0 0 
the actual value of range, Figure 8. 
Time to rendezvous can be reduced by applying additional thrust 
to increase the radial velocity at the start of the maneuver. 
The principal variation in~V depends on the R /V ratio and 
0 0 
the R /V initial angle. At constant R /V the velocity increment, ~V, 
0 0 0 0 
changes linearly at the same proportion as the range changes. The 
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velocity required to close from 50 km is half that required from 100 krn. 
The initial angular velocity does not affect the collision maneuver, 
since the first step is to null this rate. However, the velocity pre-
sented in Figure 8 does not include that required for this first step. 
Therefore, for total velocity increment requirements, the initial 
tangential velocity must be added. 
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The data summarized in these paragraphs defines the critical 
parameters . for spacecraft tq satellite rendezvous in low earth orbit. 
The basic ·techniques described in Sections II and III can be used to 
develop similar data for other orbital operations relative to a 
spacecraft or satellite such as synchronous orbit rendezvous, extra-
vehicular close-in transfer operations, and ·maneuvering in other force 
fields. 
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APPENDIX A 
RENDEZVOUS COMPUTER PROGRAMS 
The numerical integrations performed in this study were written 
17 
in BASIC language for a General Electric 265 digital computer. The 
programs developed . for this study are presented below. All calcula-
tions were performed using the International System of Units (MKS 
System). 
1. Collision Closure Maneuver 
The symbols used to represent the variables in this program are: 
R5 = Initial spacecraft to satellite range. 
H = Integration time increment. 
V5 = Initial radial velocity. 
T5 = Initial line of sight angle. 
Tl = Elapsed time. 
B3 = Required velocity increment. 
The listing of the computer program is given below: 
1 DIM D(0,20), L(0,20) Y(0,20),A(0,20) 
2 PRINT"COLLISION CLOSURE", 
5 READ R5, H,V5, 
6 PRINT 
7 DIM F(0,20) 
8 PRINT 
9 PRINT 0, . R5, V5 
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11 LET W=z1.1388E-3 
12 LET T9=10000 
13 LET ~0 
15 LET Q=3*W*W 
16 LET Q1=W*H; 
17 PRINT 
18 MAT Y =CON (0,19) 
19 MAT D=CON (0' 19) 
20 LET N=O 
21 LET RO=RS 
22 LET VO=VS 
23 LET T=T5*.0174532 
24 LET BO=O 
55 LET N1=T-Q1*N 
60 LET N=N+1 
70 LET R=RO+H*VO 
75 LET F1=RO*COS(N1) 
80 LET V VO+H*Q*F1*COS(N1) 
81 IF V_.. O THEN 220 
90 LET F2=Q*F1*SIN(N1) 
91 LET B=H*ABS (F2)+BO 
92 LET BO=B 
93 LET Z=R 
94 LET V2=V 
95 LET B3=B+ABS(V2) 
110 LET RO=R 
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130 LET VO=V 
145 LET T1=N"~'-"H 
200 IF T1<T9 THEN 55 
220 LET X=O 
223 LET Y(O, G)=B3 
224 LET D(O, G)=Tl 
225 LET G=G+1 
226 LET T5=T5+9 
227 IF T5<185 THEN 20 
230 PRINT 
235 PRINT "TIME VALUES" 
240 PRINT 
245 MAT PRINT D 
250 PRINT 
255 PRINT "VELOCITY INCREMENT" 
260 PRINT 
265 MAT PRINT Y 
270 PRINT 
275 PRINT 




2. Pursuit ·closure 
The pursuit closure symbols used to rep~esent the variables are: 
RO Initial spacecraft to satellite range. 
H Integration time increment. 
A = Radial thrust per unit mass. 
AS = Initial angular velocity. 
TS = Initial line of sight angle 
vo = Initial radial velocity. 
X = Radial thrust velocity increment. 
The pursuit closure computer program is given below: 
100 PRINT "PURSUIT CLOSURE" 
110 FOR TS=O TO 360 STEP 15 
120 FOR A9=1 TO 3 
125 LET AS=(A9-2)*1E-3 
130 MA T BiiiCON (5,4) 
150 FOR J=O TO 4 
160 LET RO=lOOOO+lOOOO*J 
170 LET V0=-100 
180 LET H=l 
190 LET T9=2000 
200 LET W=l .1388E-3 
210 LET A=-.15 
220 LET AO=AS 
230 LET T0=-T5*.0174532 
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240 LET N=O 
250 LET q=3*W-;'>·w 
260 LET T7=0 
280 LET N1=TO-W*T1 
290 LET N=N+1 
300 LET R=ABS (RO+H*VO) 
310 IF R>50 THEN 360 
320 IF H<.15 THEN 460 
330 LET H=.1 
332 LET N=O 
340 LET T7=T1 
350 GO TO 270 
360 LET T=TO+H*AO 
370 LET V=VO+H*(A+RO*(AO*AO+Q* COS(N1) 2) ) 
375 IF V>O THEN 320 
380 LET A1=AO-H*(2*VO*AO/RO+Q*SIN(N1)*COS(N1) ) 
390 LET RO=R 
400 LET TO=T 
410 LET T2=T 
420 LET VO=V 
430 LET AO=A1 
440 LET T1=N.,~H+T7 
450 IF T1<600 THEN 280 
460 LET B(J,O)==T1 
470 LET B(J,l)=RO 
480 LDT B(J,2)=VO 
489 LET T2=T2i~57. 296 
490 LET B(J,3)=T2 
500 LET B(J,4)=A1 
510 LET X=ABS.(A-;'c'T1) 
520 LET B(5 , J)=X 
530 NEXT J 
540 PRINT 
550 PRINT "ALPHA-ZERO ''AS',' ''THETA-ZERO=''T5 
560 PRINT 
570 PRINT "TIME", "RANGE", "VEL.", "THETA", "ALPHA" 
580 PRINT 
590 MA T PRINT B 
600 PRINT "DELTA-V" 
610 PRINT 
620 MA T PRINT C 
630 PRINT 
640 NEXT A9 
650 NEXT T5 
660 END 
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